The lightcone formalism including SU(3) breaking effects for the light pseudoscalar mesons is studied using soft-collinear effective theory (SCET), where the conformal symmetries needed for the expansion can be clearly implemented. The lightcone distribution amplitudes (LCDAs) are well-defined at each order in the SCET power counting, λ. Relations between the LCDAs are reproduced using the SCET formalism. Treating the SU(3) breaking perturbatively, the leading breaking effects can be described in a simple manner. As a result, a new relationship among the LCDAs for the light mesons π, K, and η is developed, valid to leading order in the SU(3) breaking.
I. INTRODUCTION
Processes which include an energetic light meson in the initial or final state are often described by factoring the long distance interactions of the light meson into a lightcone distribution amplitude (LCDA). The LCDA depends on the large momentum fractions of the partons inside the light meson. Power counting is achieved using a twist expansion on the lightcone. Due to the conformal symmetry on the lightcone (see e.g. [1] ), the form of the LCDA can be expanded in an infinite series of polynomials with definite conformal spin. The coefficients of the series do not mix at one-loop order. Assuming the series converge, the nonperturbative physics can be described by the first few coefficients, which can hopefully be extracted from experiment.
Soft-collinear effective theory (SCET) [2, 3] was developed to describe processes that include highly energetic collinear particles interacting with soft degrees of freedom, precisely the situation discussed above. Factoring the collinear and soft degrees of freedom is achieved in SCET by a field redefinition. To obtain the effective theory, first hard degrees of freedom with the offshellness p 2 ∼ Q 2 are integrated out, and operators in full QCD are matched onto SCET systematically in powers of λ ∼ Λ QCD /Q. The Wilson coefficients for the SCET operators give the perturbative hard parts of the interaction, while the matrix elements of the SCET operators are nonperturbative functions describing the long distance interactions. For example, at leading order in λ, the pion form factor F πγ is
where λ 3 is a Gell-Mann matrix with normalization Tr[λ a λ b ] = 2δ ab , the lightcone vector n µ and n µ satisfy n 2 = n 2 = 0 and n · n = 2, and P = n · P is a derivative operator giving the large label momentum in the n-direction from the collinear fields. W is a collinear Wilson line defined as W (x) = exp −g 1 P n · A n (x) = P exp ig
where P represents the path-ordered integral. In Eq.
(1), we used the definition of the leading LCDA in SCET [4] − if π n · p π 2 φ π (u) = π 0 |ξ n W δ u − P † n · p π n / 2 γ 5 λ
which in coordinate space is equivalent to
We have defined the momentum fraction u = 1 − u, and the coordinate x µ and y µ are on the same lightcone such that x µ = xn µ , y µ = yn µ (this notation will be used throughout this 
The matrix element of SCET is well-defined and can be compared to the leading twist LCDA in full QCD. Although LCDAs in full QCD are well-defined using the twist expansions, the formalism can be quite difficult to apply to higher order processes. SCET may be a useful here since the factorization can be simply obtained. Furthermore, there are useful constraints on the SCET operators using the gauge symmetries [3] and reparameterization invariance (RPI) [5] of SCET. The remarkable point is that the twist expansion of the lightcone formalism in full QCD is equivalent to the power expansion of λ in SCET. As investigated in Ref. [6] , it is possible to give one-to-one correspondence between the matrix elements in SCET and the lightcone formalism at any order in λ. Thus the matrix elements of subleading collinear operators in SCET automatically give the higher-twist LCDAs.
Flavor SU(3) is a good symmetry for the hard kernels of factorized high-energy processes, because SU(3) breaking effects are usually suppressed by at least 1/Q. However in nonperturbative functions, such as LCDAs for K and B s , the SU(3) breaking where m s ≫ m u,d can be large and a main source of hadronic uncertainties [7] . With the rough estimate m s /Λ QCD ∼ 0.3, there are significant corrections to the SU(3) limit. Furthermore, in the heavy quark limit (m Q → ∞) or the large energy limit (E → ∞), these SU(3) breaking corrections do not vanish, so SU(3) corrections must be treated differently than the expansions in 1/m Q or 1/E. Previous studies of SU(3) breaking effects on LCDA for light mesons have been considered in the framework of lightcone sum rule (LCSR) [8, 9] and chiral perturbation theory (ChPT) [10, 11] . The results are important to precise predictions of exclusive hadronic B decays [12] and recently developed semi-inclusive hadronic B decays [13] .
The SU(3) breaking effects can also be studied systematically using SCET. For convenience we keep only the strange quark mass ignoring u and d quark masses in the SCET Lagrangian. In this case the breaking effects come from the following quark mass terms in SCET Lagrangian [7] 
where the covariant derivative for the collinear field has been defined and power-counted as
The mass terms in the Lagrangian originate from the following decomposition of the collinear quark field
where ξ n and ξ n satisfy the constraints
n /n / 4 ξ n = ξ n , n /n / 4 ξ n = 0.
Applying the QCD equation of the motion, we can relate ξ n to ξ n ,
where we see that ξ n is suppressed by O(λ) compared to ξ n . SU(3) breaking effects occur via the time-ordered products of L
(1),(2) m or the ξ n components in SCET operators at the higher order in λ. With the scaling E ≫ Λ ≫ m s , SCET allows for two independent power series expansions, λ and m s /Λ. At each order in λ we can describe the leading SU(3) breaking effects in LCDAs, which can be compared to previous works.
In this paper, we derive relations between the LCDAs of π, K, and η which cover the leading SU(3) breaking effects. At leading order in λ, the relation can be easily derived through the time-ordered products of L (1) m and twist-2 operators. Further, it can be extended to twist-3 LCDAs and can be confirmed by the exact relations between twist-3 LCDAs, φ M p , φ M σ , and φ 3M . The rest of the paper is organized as follows. In Sec. II, we briefly discuss conformal symmetry in SCET. In Sec. III, the lightcone formalism for energetic pseudoscalar mesons is introduced in the framework of SCET. Using isospin symmetry in case of the pion, we derive constraints between the twist-3 LCDAs equivalent to the established results in full QCD [14] . In Sec. IV and V, we investigate the leading and subleading SU(3) breaking effects, respectively, using SCET. In Sec. VI, using constraints between LCDAs, we obtain exact forms of the twist-3 LCDAs φ 
II. CONFORMAL SYMMETRY IN SCET
Lightcone conformal symmetry for QCD [1] is extremely useful for the analysis of nonlocal operators in SCET. In general, SCET fields are considered to have definite conformal spin j and twist t
where l denotes dimension of the field and s is a collinear spin obtained by applying the collinear generator S n to the field
The spin operator Σ µν depends on the representation of fields,
The collinear quark fields in SCET have the following collinear spins
The gauge invariant SCET fields have their own conformal spins and twists as follows [15] :
In SCET power-counting, ξ n ∼ O(λ) and each component of iD µ is power-counted as shown in Eq. (7). Therefore we find that the twist expansion is identical with the λ expansion.
In general the nonlocal operator which consists of two fields on the lightcone with definite conformal spins j 1 and j 2 ,
can be constructed by the conformal towers of the highest-weight local operators with j = j 1 + j 2 + n,
where P (α,β) n are the Jacobi Polynomials. The conformal local operators at each n in Eq. (18) do not mix under renormalization to leading order because the renormalization group equation (RGE) is no more than the Ward identity for the dilatation generator of the conformal group [1] .
As an example, consider the leading order (twist-2) light cone wave function for pion,
The nonlocal operator on the light cone can be expanded in terms of
where P ± = P † ± P and the Gegenbauer polynomials C 3/2 n ∼ P
(1,1) n . When we take the vacuum-to-pion matrix element, the result is
As discussed above, due to the conformal symmetry the above equation does not mix under renormalization with the terms m = n. Futher, there is no mixing with collinear gluon operators with j = 3 + n − 1 due to the flavor structure of the pion.
1
In order to take advantage of the orthogonality of C
we expand φ π (u, µ) in Gaugenbauer polynomials
where a 0 = 1 from the normalization condition du φ π (u) = 1. Then, from Eq. (21), the coefficient a n (µ) are multiplicatively renormalized [17, 18] ,
where β 0 = 11 − 2n f /3 is the first coefficient of the QCD β function, and the anomalous dimension for a n is
Since γ n with n = 0 is positive definite, the coefficients for the higher conformal spins can be neglected when the renormalization scale µ ≫ µ 0 .
III. LCDAS FOR PSEUDOSCALAR MESONS
In full QCD, the LCDAs for pseudoscalar mesons to twist-3 accuracy are defined as
where
In SCET, we define the light cone wave function keeping the exact λ (∼ p ⊥ /n·p ∼ Λ/E M ) power counting with definite conformal spins and twists as
Eqs. (31), (32), and (34) are λ-suppressed (twist-3) compared to the leading order, while Eq. (33) is λ 2 -suppressed. To include the effects of a light quark mass, we need the SCET Lagrangian including the quark mass [7] ,
where L
(1),(2) m are given in Eq. (6), and for the second equality we used the relation in Eq. (11) . Keeping the lowest order in λ in Eqs. (27) and (28), we find the relations
Furthermore, expanding Eq. (26) to twist-4 accuracy gives [19] M|q
where the second term on the right-hand side corresponds to Eq. (33). The coefficient µ M in Eqs. (27) and (28), which results from quark condensation, can be obtained by the equation of motion in full QCD. For the pion, consider a translation of Eq. (26) in the limit y → x = 0,
In SCET the quark condensation factor µ M can also be acquired easily. We begin by decomposing the pion momentum as
Taking the limit x → y = 0 in Eqs. (30) and (33), we obtain
,
From the SCET equation of motion and using Eq. (11), the second and the third bilinear operators in the last equality lead tō
⊥ since we chose a frame where the total transverse momentum of the partons in the pion system are zero, Eq. (39). Combining these equations, we find
Similarly, the first and fourth operators in the last equality of Eq. (40) lead tō
Finally, we find, up to SU(2) corrections,
We can therefore obtain the chiral condensation factor µ π in a well-defined manner in SCET. It can give a numerically sizable correction to subleading order matrix elements in the effective theory even though µ M is power-counted as O(λ). In SU(3) limit, we identify µ K ∼ µ π ∼ B 0 , where B 0 is proportional to the vacuum expectation value of the light quark pair,
However including SU(3) breaking with nonzero m s , we treat µ K = µ π since ss can be different from. For the kaon, the exact value for
, where q = u, d, and B 1 is the leading SU(3) breaking term from the vacuum expectation value of the light quark pairs. In order to investigate leading SU(3) breaking effects in LCDAs, it is useful to keep only the leading SU(3) breaking correction. We will therefore identify µ K = µ π + O(m s /Λ) in our notation without any further assumption.
A. Expansion of the subleading LCDAs using conformal symmetry
Because the SCET operators at each order have definite conformal spins, it is useful to expand these nonlocal operators in terms of local conformal operators. In this subsection, for simplicity we neglect the quark mass. For the two-particle (or two-point) nonlocal operators, we can easily construct the conformal operators using Eq. (18) . The relevant conformal operators for the higher-order, nonlocal operators in Eqs. (31-33) arē
where we used the Jacobi polynomial identity P
, and in the last equation we replaced the P (0,0) n with the Gegenbauer polynomial C 1/2 n . At one loop order, these operators for each n do not mix. From the orthogonality relations
we can determine the forms of the LCDAs φ π + , φ π − , and g π ,
The three particle wave function φ 3π is more complicated. Because the relevant nonlocal operator can be expanded in terms of the local operatos with the conformal spin j = 7/2+n, the explicit form can be written as [1, 14] 
where u i = u 1 , u 2 , u 3 . The coefficients ω 7/2 and ω 9/2 are multiplicatively renormalized at one loop, while there is mixing between ω 11/2 1 and ω
11/2 2
with the anomalous dimensions given in Ref [14] .
B. Relations between the subleading LCDAs
At subleading order, there are constraints relating the three LCDAs φ π + , φ π − , and φ 3π to each other. Using operator identities [20, 21] based on the equation of motion, relations between the twist-3 LCDAs were introduced in Refs. [14, 19] . In SCET, the equivalent constraints can be obtained by analyzing the relevant operators directly.
We start from the following identity
due to the fact that we can pick a frame where the total transverse momentum of the pion is zero. Using the identity
, the bilinear operator in Eq. (55) can be written as
Taking the matrix element of the above equation neglecting the quark mass, we obtain
From the second equality of the above equation, we find
where R π = f π µ π /f 3π . Finally, due to isospin symmetry, there is the following constraint
From these constraints, we can relate the coefficients in φ π ± to combinations of the coefficients of φ 3π . To begin with, as in Eqs. (51) and (52), we expand R π φ π ± as
(1,0) 1
which satisfy Eq. (60), due to the fact P 
We can also determine φ 
we obtain
IV. SU(3) BREAKING EFFECTS AT LEADING ORDER IN λ
The large strange quark mass, compared to the up and down quarks, leads to significant SU(3) breaking. We will only keep the strange quark mass in the analysis of SU (3) setting the u and d quark masses to zero. Furthermore, we will use the approximation that m s /Λ is small, as was done in, e.g., Ref. [7] . In SCET, the leading SU(3) breaking effects for the LCDA are obtained from time-ordered products of L (1) ms and the nonlocal twist-2 SCET operator,
(1)
where {q, q ′ } = {u, d, s}, and L
ms ∼ O(m s /Λ) is given in Eq. (6) and can be rewritten as
Here the collinear derivative operator acts only within the square brackets, and thus L
(1) ms must involve at least one collinear gluon field. This helps us categorize the long distance contributions for the time-ordered products as so-called "sea" contributions T Fig. 1 . An important point is that the sea contribution is common to all the light mesons, independent of the quark flavors of the nonlocal operators. So the sea quark contribution cannot mediate SU(3) breaking effects between, for example, the pion and kaon. However the valence contribution only occurs for mesons with the strange valence quark component. Therefore we conclude that SU(3) breaking effects can be specified by the valence contribution for each meson and we write the matrix element for the LCDA as sea contribution. It can be identified with the matrix element for pion,
The valence contribution in Eq. (69) can be further specified by the quark flavors of the nonlocal operators, {T 
where the second equation follows from the charge conjugate symmetry of the strong interaction.
To find the distribution for T (V )
m , we need to consider the renormalization behavior of the time-ordered products in Eq. (67). The nontrivial renormalization can be calculated from diagrams such as Fig. 2-(a) , and it turns out to be zero because there is no mixing to other nonlocal operators at leading order in λ. We thus find that the time-ordered products can be renormalized as T{Z
is a leading twist operator in the momentum space, and ⊗ denotes a convolution of the momentum fraction. As shown in Ref. [22] , L 
For example in case of K − , combining the above with with Eqs. (30), (69), and (70), we have
In Eq. (72), we have introduced a new, nonperturbative decay constant, f m . In order to specify the value of f m , we need to decide the normalization for T (V ) m , with the choices dx φ m (x) = 0 or 1. If we choose the normalization as 0, we identify f K = f π from Eq. (73). In this case the decay constants do not break SU(3) at this order, and the breaking enters in the distribution of the light meson with the strange quark component. A more general choice is to assign to f K leading SU(3) breaking effects by setting the normalization of the valence quark distribution as dx φ m (x) = 1. In this case, we have the SU(3) breaking
. Experimentally the decay constants for pion and kaon are f π = 130.7 MeV, f K = 159.8 MeV [23] with the ratio f K /f π = 1.22. So there is significant SU(3) breaking in the decay constants, which prefers the normalization dx φ m (x) = 1. Therefore, in our analysis, we have the SU(3) breaking correction
where 
gives, by combining Eqs. (69), (71), and (72),
Here, we neglect η − η ′ mixing, so the η state is given by |η = |η 8 = (1/ √ 6)(|uū + |dd − 2|ss ). Integrating both sides of Eq. (77) over x results in the relation
which is similar to the ChPT results [24] . If we now use isospin symmetry, Eqs. (73), (75), and (77) lead to
valid at leading order in the SU(3) breaking.
Since we can expand the LCDAs in terms of Gegenbauer polynomials, we can use Eq. (79) to relate the coefficients of the various LCDAs,
where all the zeroth coefficients a M 0 = 1 due to the normalization of the LCDAs. For φ π and φ η , the coefficients with odd n = 2m+1 vanish since the distributions are be invariant (up to isospin violations) under the replacement x ↔x = 1 − x and C n (2x − 1) = (−1) n C n (2x − 1). On the other hand, for φ K , the odd numbered coefficients a K 2n+1 need not vanish due to SU (3) breaking between the quark and antiquark field. We do have some relationships between coefficients, however. From Eq. (71), we have a 
, and the decay constants f K and f η have been expanded in terms of f π using Eqs. (74) 
V. SU(3) BREAKING CORRECTIONS AT SUBLEADING ORDER IN λ
The same analysis done at leading order in λ can be applied to the matrix elements for LCDAs at subleading order. Consider the following matrix elements for
where O
± (x) are twist-3 nonlocal operators in momentum space
Here, K ± (x) are the pieces of the above operators proportional to m q and m q ′ , respectively and are suppressed by O(m q /Λ) relative to J ± . The quark and antiquark flavors q, q ′ are chosen according to the flavor contents of the meson. For example, if we consider the matrix elements for K − , the flavors (q, q ′ ) are given by (s, u), and K + can be neglected since it is proportional to m u . In Eq. (87), the leading SU(3) breaking corrections come from the two sources: the valence contribution from the time-ordered products of L (1) ms and J ± , and the matrix elements of K ± .
For the K − system, the matrix elements of Eq. (87) can be written as
where T V,± m,A are the valence contribution of J ± for K − . The matrix elements with the subscript 'SU(3)' are analogous to the treatment in Eq. (70) and can be expressed in terms of the pion LCDAs If we take the lowest order in SU(3) breaking, the right side of the above equation should vanish since µ K,η = µ π + O(m s /Λ). This implies
The contributions T (V,±) m (x) cannot be easily determined because the renormalization of the relevant time-ordered product mixes with a time-ordered product involving m s O (0) . As a result, φ K,η ± (x) involves leading-twist Gegenbauer coefficients a K,η n . As seen in Section III, φ M ± can be related to the three-particle state LCDAs φ 3M . Including SU(3) breaking, the relation is modified, as we shall see, but a useful relation is still available. We can express φ K,η ± in terms of a K,η n and coefficients of φ 3K,3η , which will be investigated in the next section. Applying a similar analysis to the three-particle state LCDAs for K, η, the matrix elements, to first order in SU(3) breaking, can be written as
where x i , i = 1, 2, 3, are the momentum fractions for the quark, antiquark, and the gluon. O
3 (x, µ) is the Fourier transform of the nonlocal operator shown in Eq. (34) that, with the constraint i x i = 1, can be written as
As before, we relate the SU(3) limit matrix element in SU(3) to the pion LCDA, O 
From Eqs. (102) and (104), we find
The three-particle LCDA defined in Eq. (54) does not have a convenient normalization. We can redefine φ 3M so that [dx i ]φ 3M (x i ) = 1 by absorbing a scale-dependent factor into the decay constant f 3π (µ),
while φ 3K,3η , due to SU(3) breaking corrections can be written as
Comparing with Eq. (106), λ 3K gives an asymmetric distribution under exchange x 1 ↔ x 2 due to the SU(3) breaking between the quark and antiquark and is thus O(m s /Λ). Due to the new normalization LCDAs, from Eq. (105) we easily see
The valence SU(3) breaking contributions for f 3K,3η φ 3K,3η arise in part from the mixing with the matrix element m s O (0) under renormalization. For example, the mixing for K + 1 10
which agree with the full QCD result [9] .
VI. EXACT RELATIONS BETWEEN TWIST-3 LCDAS
The relations between twist-3 LCDAs including light quark masses have been studied in full QCD [9, 19] . In this section, we consider the relations again using SCET. As a result we express φ K ± in terms of the quark masses, a K n , and {f 3K , λ 3K , ω 3K }, equivalent to what was found in Ref. [9] . Further we consider φ η ± in order to confirm the relations between the mesons π, K, and η shown in Eqs. (97) and (98).
Keeping the light quark masses in, for example, the K − system, Eq. (59) is modified to
where R K = f K µ K /f 3K and φ 3K has been defined in Eq. (108). The term involving quark masses come from the matrix elements of K ± shown in Eqs. (88) and (89). We need one more relation in order to solve for φ
simultaneously. For the pion, we had the isospin symmetry relation, Eq. (60), which is unavailable for the K − . Instead, we can obtain another relation starting from Eq. (28), keeping exact powercounting in λ. Applying (n ν /2)(−i∂ µ x + i∂ µ y ) to both sides of Eq. (28), we have n
where q = ξ n + ξ n , and we have used the relations
As before, we have set all the coordinates to be on the same lightcone, x µ = xn µ , y µ = yn µ , and thus
. We can write the left-hand side of Eq. (119) as
using the identity for the Wilson link [x, y]
Applying Eq. (56) and the equation of motion iD / q(x) = mq(x) to the first term on the right-hand side of Eq. (122), we havē
Combining Eqs. (122), (124), and (125), to lowest order in λ, we can rewrite the left-hand side of Eq. (119) as
Applying Eqs. (31), (32), and (34) to the above equation, we find
where K(u i ) in the last line is
Comparing Eq. (127) to the right-hand side of Eq. (119), finally we obtain 
where α
3/2+n ) are (anti-)symmetric coefficients under exchange u ↔ u, and the superscript (G) denotes coefficients coming from the three-particle LCDA φ 3K − . F ± are SU(3) breaking in the asymptotic form, obtained by neglecting the contributions from φ 3K − . In this case, Eqs. (118) and (129) simplify to
where κ ± = (m s ±m u )/µ K . Keeping only the lowest two coefficients a K 1,2 in φ K − and choosing the normalization du φ K − p (u) = 1, we find
The coefficients α 3/2+n , β 3/2+n can be be obtained from Eqs. (132) and (133),
Then, including the contributions from φ 3K − in Eqs. (118) and (129), α
Using Eq. (36), we finally find
We can easily confirm that φ 
VII. CONCLUSION
In this paper we have studied the lightcone formalism for light pseudoscalar mesons using SCET. The lightcone conformal symmetry is transparent within the framework of SCET, with the twist expansion corresponding to the SCET power-counting expansion in λ. The LCDAs are well-defined in a gauge-invariant way at any given order in λ. Relations between LCDAs, equivalent to established full QCD results, have been rederived in an independent way, not using the term-by-term matching between full QCD and SCET as suggested in Ref. [6] .
We also investigated leading SU(3) breaking corrections to the lightcone formalism. The leading SU(3) breaking effects in LCDAs can be realized in SCET as the time-ordered products of nonlocal operators and L
(1) ms , the mass term in the SCET Lagrangian. The contributions can be categorized as "sea" and "valence", with the former independent on the type of light meson. Thus, the SU(3) breaking effects for each meson can be specified solely by the valence contribution. Analyzing these, we obtain leading SU(3) breaking relations between the light meson π, K, η at leading and subleading order in λ, given in Eqs. (79) and (98). The leading and subleading relations Eqs. (79) and (98) imply the SU(3) breaking relations between the decay constants f π + 3f η = 4f K and µ π + 3µ η = 4µ K . Applying these results to the original relations, we easily show 
which were obtained in Refs. [10, 11] by applying ChPT to the lightcone formalism. The results presented here could be extended to light vector mesons and can be applied to hard processes with energetic particles. For example, our results could contribute to the clarification of the difference between B → ππ and B → πK under the factorization approach. In η − η ′ systems, the mixing angle could be extracted more accurately allowing for SU(3) breaking. More studies in this direction may give significant corrections to present theoretical results, and hence allow for better interpretation of experimental data or might even help us identify new physics.
